In this paper we consider the problem of finding upperbounds on the minimum Introduction.
The inequality

L(K, I) < N (I)
for 'most' integral ideals, which would mean that K is 'roughly' Euclidean.
The purpose of this paper is to pursue a line of research exposed in [KS] . (See [KS] , Chapter 9 for related references.) Let us be more precise. In [KS] , inequalities of the form (0.5) were obtained, assuming O has an infinite group of units, for a sequence of prime ideals of asymptotic density 1. (See [KS] , Theorem 9.10.). In this statement, it suffices to consider only prime ideals of first degree. The key ingredients then in [KS] to obtain estimates in this case are bounds on exponential sums over prime fields.
Our first set of results (see Sections 3 and 4) provide further refinements for the prime case I = P . We are able to treat as well the situation where P is not of first degree
and moreover obtain a much smaller exceptional set of prime ideals. In Corollary 4.1 below, we show that for all δ > 0, there is ε > 0 such that (0.5) is valid for all but at most T δ prime ideals P of norm N (P) ≤ T . The method exploited here is roughly the same as in [KS] and the key issues are uniform distribution properties of the group U of the units in the quotient O/I. These are expressed by exponential sum bounds. At this point, we are able to rely on the recent theory developed in [BGK] , [B] , [BC2] , [BC1] , which qualitatively does better than estimates so far available. First in [BGK] , This property obviously depends on the given prime ideal P. Let us next consider the case of general integral ideals I. The quotient O/I is not necessarily a field and the method of [KS] needs to be modified appropriately. The main analytical ingredient now becomes an exponential sum estimate from [BC2] (Theorem 3.1). Roughly speaking it is applied in the situation where O/I essentially factors as a product of a few prime fields. This requires some restrictions on the ideals I under consideration, but the excluded sets are still of zero density. The main result is formulated in Theorem 5.1 below and states that (0.4) holds (actually in the form (0.5)) for almost all integral ideals I in O. This answers Question 9.14 from [KS] affirmatively. In [KS] (see p.5), the problem is attributed to Egami. Paraphrasing [KS] , the meaning of this result for principal ideals is that the Euclidean algorithm may be applied and moreover runs in a sub-logarithmic number of steps (which is of course not the case in Z) for the majority of the inputs.
We conclude with the following comment. It is possible to carry out an approach in a similar spirit but relying on ergodic methods rather than exponential sums. But for this, we need to make the stronger assumption that the group U contains at least two independent units. In this situation, we may appeal to Furstenberg's disjointness theory (See [F] ) and its higher dimensional version due to Berend (See [Be] Let K be a finite extension of Q, [K : Q] = n = r 1 + 2r 2 with r 1 (respectively r 2 ) the number of real (resp. complex) embeddings f i of K in C.
Let O = O(K) be the ring of algebraic integers in K.
Denote U = U (K) the group of units of K. Thus U is the direct product of the group E = E(K) of roots of unity and a free Abelian group with r 1 + r 2 − 1 generators.
where C = C(z 1 , . . . , z n ) is a constant depending on K.
Let I be an ideal in O and x ∈ I\{0}. Then N (I) = |O/I| divides N (x) and by (1.1)
Denoting λ 1 , . . . , λ n the consecutive minima of L with respect to the unit box, it follows from Minkowski's theorem that
Since by (1.2)
satisfying the properties
and
where C 1 , C 2 depend only on K (not on the ideal I).
In other words, L = L I is a lattice of determinant d(L) = N (I) and does not degenerate for N (I) → ∞.
Denoting ϕ : O → O/I the quotient map, (1.2) implies that the restriction of ϕ to
A useful notion is the height of an integral element. Let z 1 , · · · , z n be an integral basis, and let
The following properties are easy to check.
(
Here (and through out the paper) C(K) denotes various constant depending on K. §2 Exponential sum bounds on finite fields.
We will use the exponential sum bound for subgroups G < F * p f obtained in [BC1] .
Let G < F * p f where f ∈ Z + is arbitrary fixed and p large.
where X runs over all non-trivial additive characters of
Then there is G < G,
In fact, take ε = ε 0 10f . If the assumption (2.2) is not satisfied, there is a proper subfield
At this point, we may apply Theorem 2.1 to the subgroup G of F *
. It follows that if
X is an additive character of
depending on whether the restriction of X to the subfield F of F p f is trivial or not. §3. The estimates for a prime ideal.
where f ≤ n is the degree of
with ε 0 > 0 arbitrary and fixed.
Then there is
(assuming p sufficiently large).
Proof.
It is a variant of the argument in [KS] , Ch. 9.
where we take
(δ 0 to be specified in (3.11)).
Let α ∈ O/P and a ∈ α. Assume we showed that for some y ∈ U ϕ(ay) ∈ ϕ (B − B) .
Hence there are
It remains to establish (3.5) and we will proceed with the usual circle method. First, we consider the multiplicative group G = ϕ(U ) of (O/P) * ∼ = F * p f , and apply the reduction process described in the Remark in §2. Therefore, we obtain
where F is a subfield of O/P and either (2.6) or (2.7) hold, for any additive character
If we show that
where X is taken in the system of additive characters {X } of O/P, it will follow that
Thus (3.5) holds for some y ∈ U . Hence (3.6) is proved.
Assuming α = 0, rewrite (3.7) as
We will use the circle method and write X in (3.8) as two summations. If X has trivial restriction to F , in particular if X = X 0 , the trivial character of
(3.9)
If X | F is non-trivial, then (2.7) holds and by Parseval
To insure (3.7), we let
in (3.4). This completes the proof. §4. The prime ideal case.
Recall that if π K (T ) denotes the number of prime ideals of norm at most T , then
(see [N] , p. 326, Cor. 1).
Proof of Corollary 4.1
Take ξ ∈ U (K)\E(K). In order to apply Theorem 3.1, we rule out those prime ideals P of norm at most T for which
where ϕ : O → O/P is the quotient map and ε 0 > 0 is arbitrary.
If (4.4) fails, then (3.3) holds with
δ 0 = δ 0 (ε 0 ) > 0.
Assuming (4.4), there is a positive integer k < T
which is clearly bounded by
Therefore B has at most C T 2ε 0 log T prime divisors p. Since there are at most n prime ideals P above a given p, the number of exceptional prime ideals is at most T 3ε 0 .
The others will satisfy
Remark.
A result in the same spirit as Corollary 4.1 is obtained in Theorem 9.10 of [KS] . In [KS] , only an exceptional sequence of prime ideals of asymptotic density 0 is excluded.
Since the number π K (T ) of prime ideals of first degree over Q with norm at most T satisfies the same asymptotic (4.3), thus
, Cor. 2, p. 326), the problem reduces then to first degree prime ideals and exponential sum estimates in prime fields F p . §5. The case of general integral ideals.
Let us now consider the case of a general ideal I in O K . Our aim is to give a positive answer to Question 9.14 in [KS] in the following form:
holds for all ideals I in O outside a sequence of asymptotic density at most δ . Hence
for almost all ideals I in O.
Following [N] , denote M (T ) the number of ideals I in O of norm N (I) ≤ T . By the 'ideal theorem' (see [N] , p. 327)
where h(K) is the class number of K and
( 5.5) with R(K) the regulator, d(K) the discriminant and w(K) = |E(K)| (see [N] , p. 282).
We will first make several reductions (outside sequences of small density) of the ideals under consideration. Let
be the factorization of I in prime ideals. Then
where f i is the degree of P i . Rewrite (5.6) as
For any fixed prime number p, by (5.4) we get
Therefore, the number of ideals I with N (I) ≤ T , and in expression (5.7), for some
where C 1 = C 1 (δ ). Taking again (5.4) into account, we may therefore restrict ourselves to ideals
In particular, if N (P) is large enough and a(P) > 0, then a(P) = 1 and P is of first degree.
It follows that the ring
has the form
where
and the second product in (5.10) extends over primes p > C 1 to which p|N (P) a(P) = 1.
Denoting ϕ P : O → O/P the quotient map, we already showed in the proof of 
We may therefore further assume that I satisfies
(5.13) for any prime ideal P dividing I with N (P) > N (I) ε 1 (ε 1 > 0 an arbitrary small fixed constant).
Finally we will restrict I as to ensure that, roughly speaking, N (I) is a product of a few large prime factors and an integer of size at most N (I) ε . This may be ensured again by excluding a sequence of small density.
One can use the following property (see Lemma 7, p. 264 in [HR] ).
Lemma 5.14. [HR] .
Fix ε > 0 a small number and decompose every integer 0 < m ≤ T as product
.n (2) where n
) is composed only of prime factors
We recall the elegant proof from [HR] .
Proof of Lemma 5.14.
The exponent of the prime p in T ! is at most
log 2 k+1 = 4T log T 
where n
, n (2) are integers depending on I such that n has a prime divisor p > T ε 1 .
Denote G = ϕ I (U ) which is a multiplicative subgroup of (5.17).
Taking p|n (2) a prime of size at least T ε 1 and P the corresponding prime ideal dividing I of norm N (P) = p, we have from the preceding
We now make the following construction.
(we define here π 0 , π p the obvious projections in (5.17)).
If for all p|n (2) we have
If not, let p 1 |n (2) such that |π p 1 (G 0 )| ≤ T ε 3 2 and reduce G 0 to
In this way, a sequence of prime divisors
is obtained such that if
Observe that
and from the construction
Therefore by (5.16) and (5.18), 
This is indeed a particular case of Theorem 3.1 in [BC2] .
We now return to Theorem 5.1 and the norm estimate, using a similar approach as in the prime case.
Fix α ∈ (O/I) * and an element a ∈ α.
and with representations in the integral basis z 1 , . . . , z n 
